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THE PHOTOEILASTIC DETERMINATION OF STRESS ON TRANSVERSE PLANES

QF SYMETRY FOR THE GENERAL AXI-SYMMETRIS CASE

Abstract

The method of O'Rourke and Saonz of treating the gross retardation
matterns of symmetrically struined cylinders and spherea as an Abel integral
equation 13 combined with one scstitered licht measurement to provide a com=-
plate solution on trunsverse planes of symmatry for the gemeral axi-symmotrie

problem. A simple expression is derived for three~dinensional "notch stresscs."

L, In“roduction

The standard three-dimensional photoeliastic techniques: freezing-
slicingy and scattered light problng, have intrinsic limitations, Sileing
is destructive of the model, probing renuires a multiplicity of measurements,
and neither is easily adapted to dynamic loading.

The idea of determining the interior stresses from the integrated
relative retardation pattern is tantalizing and has been »ursued by several
investigators. Poritekyl achieved a solution for cylindrical burs in a
State of plans struin; Ruad ,?' a solutinon for cylimdrical glass bulbhs under
restrictive coniitions. Kammerer established the integral equation for the

4

relative retardation in the axi-symmetric case from Neumann!s™ equations.

1 H, Foriteky, Fhysics § 8, 406411 (1534).
2 4, T. Read, Jr., J. Avpl. Phys. 21, 250-257 (1950).
A, Kmmerer, Racherches sur la photoelasticivetrie (Heimann et Cie.,
Paris, 19“) PPr. ]Jtl, 157,

4 F. E. Neumann, Abh. d. Kon. Akad. d. Wissenschaften zu Berlin (1841)
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O'Rourke and Smenz” observed th.t this equation is Abel's integral equatien,
They concerned themselvee with axiaily syrmmetric plane strain in long cyl-
inders arnd radially symmetric stress in spheres, but required a very restric-
tive sum ruley G, = G, + G . in the case of cylinders to obtain a solution.
Thie restriction was removeld by Saenz® by interferometric deta and bty Drucker
and Hcoduard7 ty the use of oblique incidence,

The following discussion will apply to the general axi-symnetric case

on & plane of transverse symmetry of an elastic body.

TY

X,
3

Equationg

let the normal to the wave front be parallel to the 4 -axis, then the

8 relates the relative retardation 8, the

Maxwell-Neumann stress optic law
principsl stressce in the plane of the wave front P, 9 (£>9) , the orienta-
tion @ of q with respect to X 4 and Y, the arc tan of the amplitude ratio

of the two transamitted waves, as follows:

8 (x,y2 ey - 00 "
5_\_1_ ) +C(P q)- W(OTZYSI 5

(1)

Y .3 ¢
9‘1 3y oS

where C 1s the astress—optic coefficient,

5 R. C. O'Rowrke and A. W. 3aenz, Quart. Appl. Math, 8, 302-311 (1550).
R., C. N'Reurke, J. Appl. Fhys. 22, 872-878 (1951).

6 A. W. Saenz, J. Appl. Fhys. 21, 962-965 (1950).

7 D, C. Drucker und w. B. Woodward, J. Appl. Phys. 2%, 510-512 (1954 ).

8 £. G. Coker and L. H. G. Filony A Treatise on Fhoto-Elasticity (Cambridge
University Press, Cambridge, 1931) p. 256.



let the axis of symnetry e 2. Then, in a usual notation, the fol-

lowing relat.ions:’ hold:

%’i:f + ;‘;—g—'-’ + —6-_'—',:5:9-= e (2)
%?’*%‘%""‘F‘C'é:o G)
%.;-.er:—é-[c:—w%*c)] (4)
6 L (G r(Gr5)] (5)

whers A ig the displacement in the r direction. Eliminating U4 between

(4Y ani (5) we obtuin:

Temfo . 2 (e yie L E_ 3w
et e [GrulneG e r (5] ©)
In the plane of the wave front
4

L) b 1§ 2 1 2
P-°\=[(¢%+G;—:1_1—G;)+‘}T,,—"f1] (7)
Sm2¢:_2__’_‘(_.3__>_(_ 8)

p-q T

Ill, Tranaverse Plane of Symmetry

Let Z: O be a transverse plane of symmetry. Let & 4, b be the inner

and outaer radii, reapectively, of the section of the body cut by 2 =0 .

on 2=0 T,.‘=O . Hence, from {8), ¢ = & : therefore (1) and (7) become

9 A. E. H. love, Matherati~al Theory of Elasticity, 4th Ed., (Dover Publica-
tions, New York, 13,4) p. 274,
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9 & (x 4,0y -

-é—q' -"C(.p‘ci)‘”): C[G;‘G_,.E".‘C;:r“lazo (9)

Consiier a pencil of circularly polarized light along the path X = ©

Then (9) becomas

_ 380y, § (v
C(@‘@)g;o-“;(ow)-‘?ﬁ:( ) = e (10)

where Ser) s 'deller'slo scattered light functilon which i3 inversely pro-
portional to the spasing of the interference fringes viewsd normally to the
light path,

Iot R(X,2) be the two-dimensional map of the intagrated relative
retardation. Put (6) and {10) in (9) and integrate across the chord with
respect to 4 . Let t =] ba—X']{. ho the half chord length, Then since all

functions are even in v

¢ t
(x,0) 2 [s dy- 205 ]2 (L2} dy
Rix,0):= 2 (r1dy s },. o =
%3 [o]
thanging the variable of integration to r and transposing, there results
- 4 d [ wicon d
2¢E x? x\/r\_,‘x : I

This is Abel's integral equation,l! which, since the 1laft hand sids

of (11) vanishes at X < b , haa the unique contimuous inverse

L 3

° rS¢)
i(““‘“ . ey g f RO - Z[fr'-r‘dr dx = 1Y 94 My (12)
el r FEC o x Jx=rt Tec dr

10 g, Wweller, Nat. Adv, Commn. Aero, Tech, No*te 737, 1939,

11 E, 7. Whittaker and G. N. Watson, Modern Analysis (Cambridpe uUniversity
Press, New York, 1945) p. 229,
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where | 1(c) 1a an experinenrtaliy determined functisn. Integrate (12) with

respect to ¥ . Then, since M(b):0,

; . 1+ V wi b o) (1
w“(r.0): Sib. o) (13)
(ro)y:r l?fe'c M(r) + = ]

where W (b o) 1s determined by measurement or is computed, (See Sectinn 1V.)

S (4) and (5), vielding
6',4,(,—6:-\—:;— [Elr-a{—,(m)JfZVo;] (14)

Finally, solving (6), (10), and (14)

. E w(r o) d alnaii] Y
G;(F,O)- (\+»)(1-24) l r M ydr '}+C(\-1V)S(r) (1%)
B lTuwro A_L_A(m;l Y
P —————— | &+
Gelemte i | Zar "C(t-zx«)g“) (16}
G(ro): E [2VM+(._y)é_‘¢(r,o)}+ ¥ Sy a7
Gev)o-2v) L i dr C(1-2v) :

vhare WU (r) g piven by (13), and S(l‘) by (10).

1V, _ Detepmination of A (b 0)

U (b ojmay elther be measured or computed as follows: Put (2) in

(@) and inteprate with respact to y .

t
, ) - ey 3T, w‘] 3
‘f_C‘R(x‘o)- /{(T‘ Gz 9r T 9F ¥ S d

o

Integrate the second term by parts, them after some manipulation (See Appendix.)

[
; QL!(r,o)
Gal(re) - Go(b o)~ 27 g
—‘—R(x,o)zl R v d e (18)
2C
X

r‘—x‘




This is again Abel's integral equation wvith the unique inverse

b
gTr (r, v)
63 (ce) = G (bo)- 7 = & }—'%‘j‘—r"—xéx v J5F 4 19)
Fut (2) in (6), then
‘3 ?6—! _ , 2 7::—;
== (G ¢6,)= ¥ —F \|+s)-——-—-—gz (20)

Integrate (20) with respect to r . Then this with (5), (14), and (19) yields
b

E%-j—l; [ru(f’,ta)] E (- P)“("°‘+ (--V)”c : = —-—-—-";‘:’l‘:: x dx

+ (Ve (r=2p) Gzir.0)

ory integrating,
b
3 '
b“(bo)_ &u(a.°): 1-V us:'O)(b\-O‘,)— -y /R()'.O)
) 2

WV EC 4 \/;_\_a\

)‘AX

(21)
e G+v)(1-2v) j_
E 27T

b

where Pf'i”'/“;("ﬁ)"ér = total axial force across Z: o

Put (13) in (21), obtaining

w(bo): 2 oLl (o) _LL (X o) 4,4 (nn)(u 24 P 22)
T (e (8 1'EC Nerwv

If in particular o = 0 4 then
b

o
u(pu):ﬁ*?[(.-»)P-A?—”—’-oj R(x.o)dx] (221)



Y, Alternats Expression for G3(b.o)

If it 12 desired to obtain only the axial stress on the outer boundary

of the section Z:0 , then a simple expressicn may be derived directly

from the Maxwell-Neumann law. Consider (9). Ist X = b , Then r—b

tayso 4, &(rmo)— S(boo): + R(L.O | Replot R(x0) as

S L i
P(t.¢) wheras t:[L-X]' « Then in the limit

' )
o ]t:°+ o= (bo) (23)

vhere G; (b,0) = the normal surface traction at (b,0) . Thus 0"?(‘:‘0)
is proportional to the gradient at the boundary of the intesgrated relative
retardation reckoned as a function of the half light path,

We observe that
(23) 1s consistent with (19) if R 1s made a function of t .

Further, if
Wu(b,0) is known, then (5) and (23) yleld

o

2¢C

2~
r+

e s ) (24)
G (vo)z £ 2824y [h5 (uo) + 2 {55 5], | A
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Appendix

~

Derivation of “quation (18)

Integrate (9) with respect to Y .
t

i_‘c_p\(,(_o): /{o;- o—,%:_(e;—}n dy = /[(.";'-0?%(07*63‘)?.-\‘]2.3‘1
4 <0

e

Then, with (2),

A6, D‘Ir L)
7c Rx0): /[ Goa- (3 50T L

t L <
t
2 jixor: - 22 2] Ay - [yee) / 30 de] 4
1C K(Xos-/[q 33 ,L b .11_ (°)o+o[‘1°' d‘]?:ow
2 t
_/[Zf_l] dy
Or f l}:o
¢
4 Y : {
but .ﬁ:—r— and {‘!C‘;(r,o)]o.‘o/ V;(b.O)Jﬂ s hence
f
ATy v
e R [[G-m o J3 3], 2
Consider
t t r /t . r
R PN VR T PNy L ATR S
OT{‘?J“'O {drb/'a: J}‘f"“"‘ /‘!twb 2 4}"4‘1
r t TN
[ /a“, /~r
5 2 — ¢ top)o b
NEI ,/ °F
b ° 0 LY

Thus t b
T _[ 3% S
—‘&-R(*.o):!lc—i‘ﬁ(b,()) [ﬁaJrlfao h]

TN

Then, changing the variable of integration to r , we obtairn (18),
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